Abstract-Microgrid-containing parallel-connected inverters, where each inverter is controlled by decentralized active power/voltage frequency and reactive power/voltage magnitude droop control laws results in flexible and expandable systems. These systems have been known to have stability problems for large values of active power/voltage frequency droop control gain. However, so far the stability analysis of multi-inverter systems has always been performed in a computationally intensive manner by considering the entire microgrid. In a practical microgrid, where the number of inverters may be large or the capacity of the units may differ, it becomes essential to develop a method by which stability can be examined without much computational burden. The system of differential algebraic equations has been simplified using justifiable assumptions to result in a final expression that allows the stability of the microgrid to be examined separately with respect to the droop control laws of each inverter transformed into an equivalent network. Moreover, the procedure allows taking into consideration the R/X ratio of the interconnecting cables. Analysis of final expressions validate the stability results reported in literature. Experimental results on hardware show the stable operation of the microgrid.
A Generalized Computational Method to Determine
Stability of a Multi-inverter Microgrid microgrid a conveniently expandable system. Communication links between the inverters or a supervisory controller are not essential for the stable operation of the microgrid, but can be used to enhance the transient performance of the microgrid. The inverters in the microgrid are controlled by a nested control strategy. The inner controller ensures that the output voltage of the inverter tracks desired references [3] . The outer controller sets the references for the desired output voltages to be tracked by the inner controller. For a masterless control of the microgrid, the inverters are controlled to emulate synchronous generators in conventional power systems. The frequency and magnitude of the output voltages of an inverter varied with respect to the active power and reactive power supplied by the inverter, respectively [4] - [13] . This control strategy has been popularly termed as the droop control strategy and allows the inverters to share active and reactive power demanded by the loads in the microgrid according to their maximum rating. Moreover, the droop controller is a decentralized controller requiring only the measurements of variables local to the inverter. Stability issues of microgrids with inverters controlled by droop controllers has been widely reported in literature [10] - [13] .
A complete eigenvalue analysis of the microgrid shows that the dominant eigenvalues are caused by the droop controller [10] - [13] . The voltage controller being implemented for fundamental and harmonic components has a high bandwidth. However, the droop controller requires measurement of active and reactive power supplied by the inverters that are either measured at low sampling rates or are filtered to obtain the low-frequency component [12] , [13] . Therefore, the dominant eigenvalues of the microgrid can be examined by a detailed analysis of the droop controller. Published work has described how the system stability margin decreases with increase in the droop controller gains and the system finally becomes unstable for large values of active power/frequency droop gain [11] - [13] . Moreover, it has also been shown that the stability results are strongly dependent on the loading conditions of the microgrid and on network parameters.
The results already published are based on simulations of dynamical models of microgrids. These models are fairly dense and require a detailed knowledge of the system topology [11] - [13] . The prediction of stability is therefore a nonscalable analysis technique applicable only for microgrids not containing a large number of inverters. This paper proposes a reduced-order mathematical model of the microgrid in which the droop control laws acting on each inverter can be examined separately and the inverters are transformed into equivalent networks. From this mathematical model, the poles of the controlled system can be obtained. As shown by computation results in Scilab, the poles The outline of the paper is as follows. Section II describes the topology of the microgrid and the inverters. The mathematical model of the microgrid is written in the form of block matrices. Section III describes how the derived model is modified to decrease the size of the model being examined. Section IV derives the controller equations and their integration into the plant model derived in Section III to produce the controlled system model. The model of the controlled system is simplified using justifiable assumptions to present a closed-form expression through which the stability of the microgrid, with inverters controlled by droop control laws, can be systematically examined. Section V contains simulation results showing the stable boundaries of the microgrid and experimental results showing the stable operation of the microgrid. Section VI examines the sensitivity of the stable boundaries of the microgrid with respect to the R/X ratio of the interconnecting cables. Section VII concludes by highlighting the contributions of the paper and justifying the assumptions made.
II. SYSTEM DESCRIPTION
This section describes the topology of the inverters, the topology of the microgrid chosen for study, and the derivation of the mathematical model of the microgrid. The system is a threephase three-wire system and it is assumed that the network parameters are equal in all phases. Fig. 1 shows the topology of the three-phase three-wire inverter for interfacing a constant voltage source V dc to the microgrid. The switches S 1 -S 6 are insulated gate bipolar transistors (IGBTs) with their associated antiparallel diodes. The six IGBTs and the dc-voltage source form a voltage-source inverter (VSI), whose output is a switched waveform. The inductor L f and the capacitor C f form a low-pass L-C filter that removes the high-frequency switching harmonics generated by the VSI. The voltages v f a , v f b , and v f c across the filter capacitor bank C f are the output voltages of the inverter. The switches S 1 -S 6 in Fig. 1 are switched by sine triangle pulsewidth modulation. Loh et al. [3] provided a detailed comparison of the different types of voltage controllers used for forcing the inverter to produce desired output voltages. 
A. Inverter Topology

B. Microgrid Topology
C. System Representation
In this section, mathematical model of the microgrid of Fig. 2 is developed; this is used for analysis. To simplify the process of system modeling, the microgrid is broken up into subsystems. The variables of each subsystem will be described later followed by the network laws that constrain the variables. Using Clarke's transformation, the three-phase variables in the instantaneous reference frame will be transformed into variables in the synchronously rotating d-q reference frame. The loads connected to the microgrid will be assumed to be balanced. As already stated, the network parameters in all three phases will be assumed to be equal. Therefore, under this assumption of a balanced three-phase system, the variables in the d-q reference frame will be constant dc quantities in steady state. To reduce the number of variables and constraining equations, all the transformed variables that have d and q components will be expressed as complex variables with a real d part and an imaginary q part. The analysis will be performed in the small signal sense with the variables expressed as deviations of values from an equilibrium point. Furthermore, a Laplace transformation is performed on the system assuming the initial conditions to be zero. The complex variables of the microgrid will be collected together to form a vector x. Furthermore, variables are grouped in a suitable manner to form subvectors within x that will result in a mathematical model that possesses a convenient block matrix structure. The vector containing all the variables of the microgrid is
The subvectors are as follows:
In the aforementioned equations, the variables in the vectors are complex. For example, v f 1 = v f 1d + jv f 1q , i c1 = i c1d + ji c1q , i 1 = i 1d + ji 1q , and i 12 = i 12d + ji 12q . The complex variable u 1 is the input to Inverter 1 and is defined as u 1 = δ 1 − jV 1 . Other variables u 2 and u 3 can be written in a similar manner with appropriate changes in the subscripts. The laws constraining these variables will be described next. The variable u m = δ m − jV m for inverter m (m = 1, 2, 3) is derived with respect to Fig. 3 . With respect to Fig. 3 , the angle δ m is written as follows [10] :
The aforementioned equation is a nonlinear equation and is therefore linearized about the equilibrium point and expressed in the small signal sense 
The aforementioned nonlinear equation is linearized to
The complex variable u m = δ m − jV m is therefore defined in the small signal sense as follows:
The aforementioned equation can be extended to all three inverters and written as a matrix equation as follows:
where
The load laws at the three inverters form the next set of equations. As an example, the load law at Inverter 1 is written in the small signal sense as follows:
where Z m = R m + sL m + jωL m for m = 1, 2, 3. The load laws can be combined into one single matrix equation as follows:
The KCL laws describing the relationship between the inverter output current and the currents through interconnecting cables connected to the inverters are written as follows:
The aforementioned laws can be written in the matrix form as follows:
The interaction between inverters through the impedance of the interconnecting cables are described by KVL laws written as follows:
where, as an example, Z 12 = R 12 + sL 12 + jωL 12 . The aforementioned laws can be written in the matrix form as follows:
The complete model of the microgrid in terms of the block matrices is as follows:
III. PLANT MODEL REDUCTION
In Section II, the open-loop plant model of the microgrid had been derived and presented in a block matrix manner. However, the model did not include the droop control strategy. In order to examine the stability of the closed-loop microgrid with the droop controller, the droop controller equations will be appended to the plant model. The characteristic polynomial of the controlled system will be the determinant of the complete model containing the plant equations and the controller equations. However, if the closed-loop characteristic polynomial is obtained by computing the determinant of the matrix obtained by merely appending the controller equations to the plant model, the computational burden required turns out to be significant. Therefore, the plant model will be manipulated and reduced to a convenient form that allows stability to be examined with lesser computational burden.
The plant model is seen to act on the vector ∆x that contains all the variables of the microgrid. However, the droop controller is a decentralized controller that acts on variables local to the inverters. The objective of simplification will therefore be to eliminate the variables that do not affect the droop controller. current i c are measured for implementing the droop controller for that particular inverter.
The method of simplifying the plant mathematical model is along the following principles. A unimodular matrix is a square matrix, whose determinant is a nonzero constant. Premultiplication of a matrix A by a unimodular matrix U when studying the set of solutions to Aw = 0 is equivalent to performing elementary row operations on the matrix. However, such elementary row operations will not change the solution set of the matrix equations. Moreover, the determinant of the resultant matrix UA is the product of the determinant of the unimodular matrix and determinant of the original matrix. Therefore, since the determinant of the unimodular matrix is a nonzero constant, the determinant of the resultant matrix produces the characteristic polynomial of the controlled system. The characteristic polynomial of a system is the polynomial, whose roots are the poles of the system, counted with multiplicity.
The unimodular matrix, which has been chosen as a premultiplier to the plant model matrix developed in the previous section, is written as follows:
It is to be noted that det(U) = 1. The resultant matrix obtained is written as follows:
(15) As already stated, the decentralized droop controller that is applied to every inverter requires the measurement of variables local to the concerned inverter. These variables are the output voltage v f and the output current i c . The controller equations will be derived in the next section. However, the structure of the controller along with the structure of the plant model will be utilized to reduce the order of the plant model that is being analyzed.
The decentralized droop controller is written in the following block matrix form:
The controlled system or the closed-loop system consists of the controller matrix equations appended with the plant model equations. The controlled system is written as follows:
(18) The aforementioned matrix has been written in a block structure that will be used in simplifying the determinant computation, as shown.
The computation of the determinant of A micro provides the characteristic polynomial of the controlled system from which its stability can be analyzed. The Schur's complement result can be utilized to compute the determinant of A micro as follows. Consider any matrix R written in the block diagonal form
Using Schur's complement, the determinant of the matrix R is written as follows:
The Schur's complement as defined here requires that the matrix R 22 is invertible. From the block diagonal representation of A micro , it can be observed that Schur's complement is applicable due to the presence of the identity matrix in place of R 22 . Moreover, since R 12 is zero, the determinant of A micro reduces to
The block matrix A − A int A z happens to have a systematic structure.
In general, for any microgrid with inverters connected together by cables, the aforementioned equations can be written in a similar manner. The diagonal elements are the sum of terms corresponding to the load connected at the inverter and the admittances of the cables connecting the inverter to other inverters. The off-diagonal element mn is the negative of the admittance of the cable between inverter m and inverter n when inverter m and inverter n are connected. In the case of inverter m not being connected to inverter n, the off-diagonal term mn will be zero. A further approximation can be made is that |Z l | |Z cable |, since the cable impedances are essentially parasitic. Therefore, the admittances corresponding to the load impedances Z l1 , Z l2 , and Z l3 are neglected and dropped from further expressions.
IV. CONTROLLER EQUATIONS
The droop controllers applied to every inverter varies the voltage frequency and voltage magnitude from their nominal values as linear functions of the active and reactive power supplied by the inverter, respectively. Mathematically, the droop controller equations for inverter m are written as follows [4] - [13] : 
It is to be noted that the aforementioned equations contain the d and q components of variables as real separate variables. Moreover, the aforementioned equations are seen to have a product nonlinearity, and therefore, are linearized about the equilibrium point as follows:
where I cm d and I cm q are the values of the output currents i cm d and i cm q of inverter m, respectively, at the equilibrium point.
Linearizing the droop controller equations, and substituting the expressions for ∆p m and ∆q m , the following expressions are obtained:
The droop controller equations for the three inverter units in the microgrid are written in the matrix form as follows:
The vectors in the aforementioned equation are the real, and imaginary vectors corresponding to the complex vectors of (2) are as follows:
The reason for choosing V with negative signs in the voltage magnitudes is to remain in compliance with the definition of u = δ − jV . The following vectors are also defined:
The matrices are as follows:
The aforementioned matrix is written as a product of diagonal matrices as follows:
where diag(k p ) implies a diagonal matrix, whose diagonal elements are the vector k p and X cd is the values of the vector x cd at the equilibrium point. Similarly
In the previous section, the plant model was derived using complex variables. The following vector is defined:
However, as shown earlier, the controller utilizes the real components of the complex variables. As a result, the plant model derived will be modified so as to act on the real variables. Rewriting the matrix A red such that it acts on real variables
where are the real and imaginary components of the matrix A imp . The determinant of the matrix A cld in the aforementioned equation provides the characteristic polynomial. In a manner similar to obtain the reduced-order plant model, the matrix A cld in the aforementioned equation will also be reduced, as described later.
The matrix A cld will be premultiplied by a unimodular matrix (described in Section III, paragraph 3). The unimodular matrix is chosen to be
It is to be noted that det(U) = 1. The matrix product U cld A cld is
Following the similar arguments for reducing the matrix A micro , the determinant of the matrix A cld is written using the Schur's complement as follows:
The matrices C 
The aforementioned equations appear to be complicated and each of the matrices C have elements that contain several terms. However, by making an approximation that will be described next, many of the terms will be found to cancel out leaving matrices that have a convenient structure.
The droop controller allows inverters to share active and reactive power demanded by the loads in the microgrid by varying the frequency and magnitude of the output voltages of the inverters. Active power flow across a predominantly inductive cable is closely coupled to the phase angle difference between the voltages at the two ends of the cable [4] . Similarly, the reactive power flow is closely coupled to the difference in magnitudes of the voltages at the two ends of the cable when the cable is predominantly inductive [4] . The assumption of all cables being predominantly inductive is followed in the paper so that the droop control strategy is effective in power sharing between the inverters.
By changing the frequency during transients, a difference in phase angle across a cable between two inverters is produced that allows control of active power flow. Similarly, by changing magnitudes of the output voltages of the inverter, a voltage magnitude difference is produced across cables that results in reactive power flow control. The following assumptions are therefore made.
1) The phase angle difference would depend on the impedances of the cables connecting the inverters for a certain active power flowing across the cable. These impedances can be assumed to be very small, and therefore, the phase angle differences between the inverters will also be small. 2) Similarly, the difference in the magnitudes of the output voltages of the inverters will be very small. 3) The output voltages of the inverters can be considered to be very close in phase and magnitude. Therefore, at the chosen equilibrium point, the d and q components of all the inverter output voltages are assumed to be approximately equal. For this microgrid, 
where X m n = ωL m n /|Z m n | 2 and |Z m n | 2 = (R m n + sL m n ) 2 + (ωL m n ) 2 have been substituted due to space constraints
where Y m n = (R m n + sL m n )/|Z m n | 2 has been substituted due to space constraints
The aforementioned matrices have a very convenient structure similar to the structure of A − A int A z . Moreover, as earlier stated, such a structure will be obtained for any microgrid with inverters connected together by cables. The matrices can be written by mere inspection of the microgrid topology. A few comments are to be made regarding these matrices. P m and Q m are the active and reactive power supplied by inverter m at the equilibrium point, respectively. The variable ω in the matrices is the value of the angular frequency of the microgrid at equilibrium when the frequencies of all inverter units are equal. With the p-ω droops producing a drop in frequency of the order of 1% to 2%, ω ≈ ω 0 . Similarly, (V . When the system is represented in the per unit system, both ω 0 and V 0 will be equal to 1.
The matrices in the aforementioned equations are completely comprised of the inductances and resistances of the interconnecting cables and the active and reactive powers supplied by inverter units at the equilibrium point. The determinant |A cld | will be a polynomial depending on the elements of C . A simplification will be described next to neglect the higher order terms of droop control gains in the polynomial.
From (34)-(37), it is evident that the determinant of the matrix A mod cld has off-diagonal terms that are multiplied by the control gains k p1 , k p2 , and k p3 and k q 1 , k q 2 , and k q 3 . The diagonal terms on the other hand are polynomials that contain the control gains. The determinant of such a matrix can be described using an example as follows. The determinant of an n × n matrix B is written as follows:
In (38), the sum is computed over all permutations σ of the ordered set {1, 2, . . . , n}. The sgn(σ) is a sign function associated with a permutation. The ordered set {1, 2, . . . , n} provides the first permutation. Therefore, the first term is the product b 1σ (1) b 2σ (2) . . . b nσ (n ) , which is the product of the diagonal terms b 11 b 22 . . . b nn . Consider a term where a permutation has been made such that σ(r) = s for any r = s in the ordered set {1, 2, . . . , n}. Therefore, the product will not contain the terms b rr and b ss , but will contain off-diagonal terms in their place. The product of two off-diagonal terms will result in a product of two droop control gains.
Using a 3 × 3 matrix, an illustration can be made
The determinant of the aforementioned matrix will contain six products corresponding to 3! permutations. The determinant is written as follows:
The first term in the determinant is the product of the diagonal terms. The second, third, and fourth terms are seen to be terms multiplied by a product of two droop control gains. The fifth and sixth terms are seen to be terms multiplied by a product of three droop control gains. The droop control gains k p and k q are usually very small so that the drop in voltage frequency and voltage magnitude will be within an acceptable range of their nominal values. Therefore, a product of two or more droop control gains will result in a term that is negligible. Therefore, |B| can be approximated to
Similarly, the determinant of the A cld can be approximated to the product of the diagonal terms alone and is written as follows: In general, for any inverter m in the microgrid, the following two polynomials are written:
where {n} is the set of all inverters to which inverter m is connected. As can be seen from the aforementioned equations, each inverter in the microgrid appears to be transformed into an equivalent network with the interconnecting impedances connecting it to other inverters taken into account. The droop control laws are then applied to this equivalent network providing two polynomials for each inverter. Therefore, the properties of the controlled system can be examined by examining each polynomial with a single droop coefficient individually. The roots of the aforementioned polynomial when written for each inverter provide the poles of the controlled system. The computational burden of evaluating a single polynomial is far lesser than the computation of the determinant of the entire system model, as has been reported in literature. As an example, one polynomial is evaluated next. Consider the first polynomial in the product
This can be simplified to
The aforementioned equation is in the standard root locus form of den(s) + k num(s) = 0, where k = k p1 is the control gain and num(s)/den(s) is the plant transfer function. Furthermore, the roots of num(s) and den(s) provide the zeros and poles of the open-loop plant, respectively, using which the root loci and stability of the system for change in control gains can be predicted. The poles and zeros of the plant transfer functions correspond to closed-loop poles for k → 0 and k → ∞, respectively. They can be computed as roots of sZ . We use Scilab to compute the roots and plot them in the complex s plane.
V. SIMULATION AND EXPERIMENTAL RESULTS
Section V-A shows through simulations in Scilab, the movement of poles of the controlled system for variation in the control gains. Section V-B shows experimental results from a hardware setup of a three-inverter-ring-connected microgrid. The experimental results show the stable operation of the microgrid with desired power sharing between the inverters.
A. Simulation Results
A three-inverter-ring-connected microgrid of Fig. 2 is considered for study. The simulation results presented in this section examines the stability of the controlled system having the characteristic polynomial of (41). Equation (41) contains the following.
1) The impedances Z 12 , Z 23 , and Z 13 of the cables.
2) The active and reactive power supplied by each inverter at the equilibrium point about which the system is linearized.
3) The p-ω droop control gains k p1 , k p2 , and k p3 and the q-V droop control gains k q 1 , k q 2 , and k q 3 . The simulations are performed with the system parameters in per unit. The parameters of the base system are listed in Table I . The impedances of the cables have been chosen for the simulation study as follows:
The cables have been chosen with low R/X ratio for the droop laws of (22) to be effective. The inductances of the cables has been chosen to be different. The droop control gains of the inverters are chosen to be equal, i.e, k p1 = k p2 = k p3 and k q 1 = k q 2 = k q 3 . Since the p-ω and q-V droop control gains of the inverters are equal, the inverters are assumed to supply equal active and reactive power at the equilibrium point, which are P 1 = P 2 = P 3 = 3450 W and Q 1 = Q 2 = Q 3 = 4500 VAR.
The stability of the microgrid is analyzed by plotting the roots of the six polynomials in the determinant of the controlled system of (41). This equation shows that the stability of the controlled system is decided by the stability of the constituent polynomials. The determinant of the controlled system is rewritten naming the constituent polynomials
The polynomials a pω 1 (s), a pω 2 (s), and a pω 3 (s) contain the gains k p1 , k p2 , and k p3 , respectively. The polynomials a qV 1 (s), a qV 2 (s), and a qV 3 (s) contain the gains k q 1 , k q 2 , and k q 3 , respectively. The roots of these polynomials change with variations in their droop control gains. Furthermore, using Scilab or MAT-LAB, the exact values of the control gains that cause instability will be obtained.
As described in the previous section, each polynomial can be written in the form of den(s) + k num(s) = 0 with num(s)/den(s) resembling a plant transfer function. Table II lists the zeros of the transfer function that are the roots of num(s) and the poles that are the roots of den(s). When the roots of the polynomials are plotted for varying positive gains, as per theory of root locus plots, the loci originate from the poles of the transfer function for zero gain and terminate at the zeros as gain tends to infinity. In the figures given next, the zeros of the transfer function are plotted as "o," while the poles are plotted at "×." However, as can be seen from Table II , some of the zeros are far away from the dominant poles. While plotting these zeros, they are scaled and brought closer to the dominant poles to improve the clarity of the plots. Fig. 6(a)-(c) shows the movement of the roots of the polynomials a pω 1 (s), a pω 2 (s), and a pω 3 (s) as their respective control gains k p1 , k p2 , and k p3 are varied. The arrows indicate the direction of movement of the roots as the control gain increases. The   TABLE II  ZEROS AND POLES OF THE POLYNOMIALS plots are very similar in some aspects. In all the plots, the roots move into the right half of the s plane for large values of the control gain. As the roots are the poles of the controlled system, this indicates instability for large values of control gain. The zeros are scaled and plotted closer to the imaginary axis to improve the clarity of the plot. Therefore, the zero on the right half of the s plane implies that the controlled system is unstable for large gains with root loci moving closer toward it. The value of the control gains k p1 , k p2 , and k p3 for which the controlled system becomes unstable is found through Scilab to be 0.0051 p.u. or 3.21 × 10 −4 rad/(Ws). The value of k p1 , k p2 , and k p3 at which the microgrid became unstable are equal in this case because the microgrid considered is small containing only three inverters and the values of the impedances of the cables connecting them are very close. For larger microgrids, instability will result at distinct values of the p-ω droop control gain. Fig. 7(a) -(c) are plots of the poles (marked by "×") of a qV 1 (s), a qV 2 (s), and a qV 3 (s) with respect to k q 1 , k q 2 , and k q 3 , respectively. The "o" indicates the zeros of the transfer function. However, it is to be noted that the zero has been scaled and plotted closer to the real axis in order to improve the clarity of the plot. As before, the arrows indicate the direction of movement of the roots of the polynomials as the control gains increase. As can be seen from the plot, the controlled system does not lose stability as the q-V droop control gains vary.
B. Experimental Results
This section provides experimental results to prove the stable operation of the microgrid when the inverters are controlled by the droop control laws. The experiments are conducted on a low-voltage level three-phase microgrid of 140 V. The inverters are formed of commercial inverters of the three-leg single dc capacitor topology shown in Fig. 1 . The dc capacitor of the inverters are charged through single-phase rectifiers to maintain a dc voltage of 300 V. The inductor-capacitor (L f -C f ) filter connected at the output of the inverter, as shown in Fig. 1 , has the parameters L f = 3 mH and C f = 200 µF. Each inverter has its own associated control board containing the Fig. 9 shows the phase a output voltages of the inverters when connected in parallel to form a microgrid. The voltages are seen to have magnitudes that are approximately equal and are almost in phase with each other. This is due to the fact that the interconnecting impedances being of the order 150 − 200 µH, very small phase angle differences or the voltage magnitude differences are required for the inverters to share load power demand equally. Fig. 10 shows the phase a output currents of the inverters when forming the microgrid. The currents supplied by the inverters indicate a roughly equal power sharing between the inverters. Fig. 11 shows the active and reactive power supplied by the inverters when connected in parallel to form the microgrid. Fig. 11(a) shows that the active power supplied by the inverters are equal since they have p-ω droop control gains that are equal k p1 = k p2 = k p3 . Fig. 11(b) shows the reactive power supplied by the inverters to be unequal despite the q-V droop control gains being equal k q 1 = k q 2 = k q 3 . The unequal sharing of reactive power is due to the fact that the voltage magnitudes of the inverters are also constrained by network laws besides the q-V droop laws. As a result of which, reactive power is not shared in exactly the manner as desired. Since, the reactive power demand of the load at Inverter 1 is the highest, Inverter 1 continues to supply the largest fraction of the load demand.
Furthermore, both the plots, but particularly the reactive power flow plot, contain significant low-order harmonics. This is due to the damped low-frequency oscillations produced by the dominant poles of the controlled system lying close to the imaginary axis. These low-frequency oscillations decrease in magnitude as time progresses. These low-frequency oscillations are also reported in literature [12] .
VI. SENSITIVITY TO R/X RATIO
In this section, the applicability of the results for a broader class of microgrids will be discussed. The R/X ratio of the interconnecting cables play an important role in the stability margin of the microgrid. This section will examine the effect of variation of R/X ratio of the interconnecting cables.
The variation of the eigenvalues of the controlled system with respect to system parameters are observed through the roots of the polynomials of (41). As an example, the roots of the polynomials containing the p-ω droop gain and q-V droop gain of Inverter 1 will be examined as follows: (45) . The numerators of the equivalent plant n pω 1 and n qV 1 can be written from (45). However, for reasons that will be described later, the focus will be on the open-loop poles ob- 
As can be seen from the aforementioned expressions, the open-loop poles of the equivalent transformed system are strongly influenced by the ratio of the resistance to inductance (R/L) of the interconnecting cables. By considering a nominal angular frequency, the R/L ratio can be interpreted as the R/X ratio that is available for cables through data sheets. As this ratio of R/X increases, the open-loop poles move further into the left half of the complex s plane. In a similar manner, the R/X ratio and the impedance Z m n of the cable between Inverter m and Inverter n will affect the open-loop zeros of the equivalent plant. This evident from (45).
However, while plotting the root locus of the transfer function of the equivalent plant, the root loci will originate from the open-loop poles at zero gains, i.e., k p1 = 0 and k q 1 = 0 and terminate at the open-loop zeros when the droop control gains tend to infinity, i.e., k p1 → ∞ and k q 1 → ∞. As already stated, the droop control gains are chosen to be small to ensure that the voltage frequency and voltage magnitude are within limits. Typically, k p1 will be in the range of 1%-2% and k q 1 will be within 2%-4%. Therefore, the relevant part of the root locus for the droop control strategy is in the vicinity of the open-loop poles. As observed from the aforementioned equation, the stability margin of the controlled system will increase for increasing R/X ratio of the interconnecting cables due to the open-loop poles of the equivalent plant moving into the left half of the complex s plane.
VII. CONCLUSION
The stability of multi-inverter microgrids has been examined with respect to a three-inverter-ring-connected microgrid. As has been reported in literature, the interconnections between the inverters and the choice of droop control gains play a significant role in the stability of the microgrid. The model of the microgrid that has been derived in this paper considers only the effect of the droop control gains and the topology of the microgrid. The voltage controller associated with each inverter that ensures the inverters to produce desired output voltages has not been included in the model. The voltage controller has been shown to have a high bandwidth, thereby resulting in dynamics that are significantly faster that the droop control dynamics [12] , [13] . However, even without the voltage controller, the mathematical model of a three-inverter microgrid is considerably complex. Literature contains stability analysis of microgrid by examining the complete mathematical model. However, analysis based on complete models are difficult for microgrids with a large number of inverters and complex interconnections due to the computational burden.
The significant contribution in this paper has been to simplify the mathematical model using justifiable assumptions to a form that can be examined with reduced computational burden, from which the stable boundaries of the microgrid are determined accurately. It has been shown that the stability of the microgrid can be analyzed with each inverter transformed into an equivalent network. The impedances of the interconnections play a significant role and are included in each equivalent inverter network by mere knowledge of the connectivity of the concerned inverter to other inverters. The effect of the droop control laws can be examined separately. This is under the assumption that the interconnection cables are predominantly inductive and the droop laws can be decoupled. The model for a large and complex microgrid can therefore be written as a product of models of each inverter with its droop control laws. The computational burden required to analyze the stability of these individual models is significantly lower.
The proof of stability in Sections II-IV that result in the generalized equation of (42) has been based on several assumptions. The assumptions will be summarized next with a brief justification of their validity for microgrids in general.
1) The dynamics of the inner voltage controller of the inverter has been neglected and the inverter output voltages have been assumed to be equal to the references generated by the droop control strategy. This assumption is valid, as has been cited in [12] and [13] , since the inner voltage controller is a fast controller with a high bandwidth, while the droop controller is a slow controller with a low bandwidth. This assumption has been made in Section II during modeling of the microgrid. 2) The load impedances in the microgrid will not be significantly less than 1 p.u., as smaller values would imply inverter overloads. In an inverter-based microgrid, the overload capacity is limited, as the inverters are likely to be damaged even if overloaded for short durations. However, the impedances of the interconnecting cables is much smaller in the range of 0.01-0.05 p.u., since the microgrid covers a small area. Therefore, in Section III [specifically (21)], the reciprocal of the load impedances are neglected with respect to the reciprocal of the cable impedances.
3) The small values of impedances of the interconnecting cables require small phase angle differences and voltage magnitude differences between inverters to produce power flow between inverters. As a result, the output voltage phasors of the inverters will be very close to each other in phase angle and magnitude. Hence, while linearizing the microgrid in Section IV, the d and q components of the inverter output voltages at the equilibrium point have been assumed to be equal. This assumption is valid for a large class of microgrids with small cable impedances. 4) The deviation in the voltage frequency of the microgrid is limited to 1%-2% from the nominal frequency (50-60 Hz), while deviation in voltage magnitude is limited to 2%-4% from the nominal distribution level voltage (230 or 110 V line neutral). The p-ω and q-V droop control gains are therefore maintained to be small of the earlier mentioned orders. The product of two or more droop control gains will be negligible, and therefore, a term multiplied to such a product of more than one gain can be neglected. This assumption is made in the final part of the proof in Section IV. Simulation results have been presented to show the stability of the microgrid for varying droop control gains. The boundaries of stability are obtained using Scilab. The results are very close to the results reported in literature validating the accuracy of the simplified model [11] , [12] . Experimental results have been presented to show the stable operation of the microgrid.
